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Abstract. It is shown that for any family of probability measures in Orn- 
stein type constructions the corresponding transformation has almost surely a 
singular spectrum. This is a new generalization of Bourgain's theorem |7|, the 
same result is proved for Rudolph's construction [201 . 

RESUME. On montre que pour toute famille de mesures de probabilites dans la 
construction d'Ornstein, les transformations resultantes ont un spectre presque 
surement singulier. On obtient ainsi une nouvelle generalisation d'un theoreme 
du a Bourgain 0. Un resultat similaire est obtenu pour les transformations 
de Rudolph |2JJ. 



1. Introduction 

In this note we investigate the spectral analysis of a generalized class of Orn- 
stein transformations. There are several generalizations of Ornstein transforma- 
tions. Here we are concerned with arbitrary product probability space associated 
to random construction of the family of rank one transformations. Namely, in the 
Ornstein's construction, the probability space is equipped with the infinite product 
of uniform probability measures on some finite subsets of Z. Here, the probability 
space is equipped with the infinite product of probability measures (£ m )meN on 
a family (X m ) mg N of finite subsets of Z. We establish that for any choice of the 
family (£ m )meN the associated Ornstein transformations has almost surely singular 
spectrum. 

Let us recall that Ornstein introduced these transformations in 1967 in |15| and 
proved that the mixing property occurs almost surely Until 1991, these trans- 
formations which have simple spectrum appeared as a candidate for an affirmative 
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answer to Banach's well-known problem whether a dynamical system (X, B, fj,) may 
have simple Lebesgue spectrum. But, in 1991, J. Bourgain in |7j, using Riesz prod- 
ucts techniques, proved that Ornstein transformations have almost surely singular 
spectrum. Subsequently, I. Klemes I- Klemes & K. Reinhold obtain that 
the spectrum of the mixing subclass of staircase transformations of T. Adams |S] 
and T. Adams & N. Friedman have singular spectrum. They conjectured that 
rank one transformations all ways have singular spectrum. 

In this paper, using the techniques of J. Bourgain generalized in P^, we extend 
Bourgain's theorem to the generalized Ornstein transformations associated to a 
large family of random constructions. 

Firstly, we shall recall some basic facts from spectral theory. A nice account 
can be found in the appendix of |16|. We shall assume that the reader is familiar 
with the method of cutting and stacking for constructing rank one transformations. 

Given T : (X, B, /i) i— > (X, B, /i) a measure preserving invertible transformation 
and denoting by Urf the operator Uxf{x) = f(T~ 1 x) on L 2 (X , B , [i)) , recall that 
to any / E L 2 (X) there corresponds a positive measure ct/ on T, the unit circle, 
defined by 07 (n) =< U£f, f >. 

Definition 1.1. The maximal spectral type of T is the equivalence class of Borel 
measures a on T (under the equivalence relation /ii ~ /12 if and only if [i\ << /i2 
and H2 << Mi) j such that <jf « a for all / £ L 2 (X) and if v is another measure 
for which 07 << v for all / £ L 2 (X) then a « v. 

There exists a Borel measure a = Uf for some / £ L 2 (X), such that a is in the 
equivalence class defining the maximal spectral type of T. By abuse of notation, 
we will call this measure the maximal spectral type measure. The reduced maximal 

type cr is the maximal spectral type of Ut on L 2 (X) = f {/ G L 2 (X) : J fdfx = 0}. 

The spectrum of T is said to be discrete (resp. continuous, resp. singular, resp. 
absolutely continuous , resp. Lebesgue ) if cto is discrete ( resp. continuous, resp. 
singular, resp. absolutely continuous with respect to the Lebesgue measure or 
equivalent to the Lebesgue measure). We write 

Z(h) =' span{ f/"/i,n i Z}. 
T is said to have simple spectrum, if there exists h £ L 2 (X) such that 

Z(h) = L 2 (X). 

2. Rank One Transformation by Construction 

Using the cutting and stacking method described in ^21> jl-^j - one defines induc- 
tively a family of measure preserving transformations, called rank one transforma- 
tions, as follows 

Let Bo be the unit interval equipped with the Lebesgue measure. At stage one 
we divide Bq into po equal parts, add spacers and form a stack of height hi in the 
usual fashion. At the k th stage we divide the stack obtained at the (fc — l) th stage 
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into pk-i equal columns, add spacers and obtain a new stack of height hk- If during 
the k th stage of our construction the number of spacers put above the j th column 



of the (fc - l)*' 1 stack is 



,0-1) 



< a 



(fc-i) 



< oo, 1 < j < pk, then we have 



Pk-ih 



fc-i 



h = 1. 



£ 

3=1 



(fc-1) 



Vfe > 1, 



.0-1) 



,0"1) 



,o-i) 



,0-i) 



Figure 1: fc^-tower. 

Proceeding in this way we get a rank one transformation T on a certain measure 
space {X, B, v) which may be finite or a— finite depending on the number of spacers 
added. 

The construction of any rank one transformation thus needs two parameters (p k )kLo 
(cutting parameter) and ((a^- ^^jg^ (spacers parameter). We put 

In 0)0 an d ESI ^ is proved that up to some discret measure, the spectral type of 
this transformation is given by 



(2.1) 



da = W*\im jj \P k \ 2 d\. 



k=l 



where P k (z) = — [ V z^^U «f 5 ) ] 



A denotes the normalized Lebesgue measure on torus T . 

W* denotes weak convergence on the space of bounded Borel measures on T. 
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The polynomials Pk appear naturally from the induction relation between the bases 
Bk- Indeed 

B k = B k+1 U T hk+Sk{1) B k+l U . . . U T {pk - 1)hk+Sk{pk ~ 1) B k+1 , 

v(B k ) = p k v(B k+ i), 

where s k (n) = + . . . + and s k (0) = 0. 
Put 

f = 1 

\Jv{B k ) 

that is the indicator function of the fcth-base normalized in the L 2 -norm. So 

f k = P k (U T )f k+ u 

where U T : L 2 {X) — > L 2 {X) is defined by U T (f)(x) = /(T -1 a;). Iterating this 
relation, we have 

m— 1 

dcr k = \P k \ 2 dcr k+1 = ...= Y[ \Pk+j\ 2 da k+m , 

3=0 

Where a p is the spectral measure of f p , p> 0. 



3. Generalized Ornstein's Class of Transformations 
In Ornstein's construction, the p k 's are rapidly increasing, and the number of 

(k) 

spacers, a\ , 1 < i < Pk — 1, are chosen randomly. This may be organized in 
differently ways as pointed by J. Bourgain in Here, We suppose given (t k ), 
(p k ) a sequences of positive integers and a sequence of probability measure 

t k t k 

such that the support of each is a subset of X k = { — — ,••• , — }• We choose 

now independently, according to £, k the numbers (xk^^ , and x ktPk is chosen 
deterministically in N. We put, for 1 < i < p k , 

(k) 

a- = tk + x k ,i - Xk,i-i, with Xk,o = 0. 



It follows 

hk+x = Pk{hk + tk) + Xk, Pk . 
So the deterministic sequences of positive integers (pfe)^ , (t^kLo and (xk, Pk )kLo 
determine completely the sequence of heights (hk)^^- The total measure of the 
resulting measure space is finite if 

oo oc 

(3.1) V^+V^<oo. 
We will assume that this requirement is satisfied. 

We thus have a probability space of Ornstein transformations Vl = nSo^f i_1 
equipped with the natural probability measure P I 1 ggji}, where Pi = ®f~ x 
£i is the probability measure on Xi . We denote this space by (O, A, P). So Xk,i, 1 < 
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i < Pk — 1) is the projection from fl onto the i th co-ordinate space of Vtk = Xt k 1 , 
1 < i < p fc — 1. Naturally each point w = (ujk = (xk,i(i^))^li )% X L m ^ defines the 
spacers and therefore a rank one transformation T W 2; , where x = {xk, Pk ). 
The definition above gives a more general definition of random construction due to 
Ornstcin. In the particular case of Ornstein's transformations constructed in |15| , 
tk = hk-i, £fc is uniform distribution and Pk>> ^fc-i- 

We recall that Ornstein in J^J proved that there exist a sequence (pk, %k,p k )ken 
such that, T^.x is almost surely mixing. Later in |17|. Prikhod'ko obtain the same 
result for some special choice of the sequence of the distribution (£ m ) and recently, 
using the idea of D. Creutz and C. E. Silva ^H] one can extend this result to a large 
class of the family of the probability measure associated to Ornstein construction. 
In our general construction, according to (|2.1|l the spectral type of each T u , up to 
a discrete measure, is given by 

N 2 

a T = a<£> = = W* limTT - 

1=1 yl p=0 

With the above notation, we state our main result 



p ( -i 

z v{hi+U)+x w 



dX. 



Theorem 3.1. For every choice of (pk), (tk), (%k,p k ) and for any family of proba- 
bility measures £ m on finite subset X m of Z, m S N* . The associated generalized 
Ornstein transformations has almost surely singular spectrum, i.e. 

F{uj : 1 A} = 1. 

Where P = f * s ^ e probability measure on Q — YiiZo-^i' ^ l * s 

finite subset oflj. 

Before proceeding to the proof, we remark that it is an easy exercise to see that the 
spectrum of Ornstein's transformation is always singular if the cutting parameter 

Pk is bounded. In fact, Klemes-Rcinhold proved moreover that if y — - = oo then 

Pk 
k=0 yK 

the associated rank one transformation is singular. Henceforth, we assume that the 

oo _^ 

series > — ~ converges. 

We shall adapt Bourgain's proof. For that, we need a local version of the singularity 
criterion used by Bourgain. Let F be a Borel set then with the above notations, 
we will state local singularity criterion in the following form 



Theorem 3.2. (Local Singularity Criterion (LSC)) The following are equiv- 
alent 

(i) &f -L A, , where o~f = XF-da, xf is a indicator function of F. 

r. n 

(h) / l[\Pi(z)\d\ ►O. 

J FT i n->oo 
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(iii) inf{ I Y[ \P ni {z)\ dX, k G N, m < n 2 < . . . < n fc } = 0. 

J F j 1 



/ = 1 



One can adapt the proof of theorem 4.3 in [T§|, or in p^, ^3], in the more general 
setting. 

Now, using Lebesgue's dominated convergence theorem and the LSC , we obtain 



Proposition 3.3. The following are equivalent 

T^±X P 



a.s. 



(i) J- x 

« n 

(ii) / \\\Pi{z)\dXd¥ >0. 

Jf ,1 ™^°° 



i=i 



(iii) inf{ / / JJ \P m (z)\ dXdF, keN, m < n 2 < . . . < n k } = 0. 



i=i 



Fix some subsequence TV = {n\ < n 2 < . . . < rife} , k € N, m > n k and put 

fe 

q(z) = ni^wi- 

Following [J] ( see also ^Hj or in the more general setting 0), we have. 



Lemma 3.4. 



J Q \P m \ dX < i U QdX + J Q \P m \ 2 dX^j - \U Q 



\Pn\-l 



dX 



Now, we assume that F is closed set, it follows 

Lemma 3.5. limsup Q \P m (z)\ 2 dX(z) < I Q dX(z). 
m^oo Jf Jf 

Proof : Observe that the sequence of probability measures \P m (z)\ 2 dX(z) con- 
verges weakly to the Lebsegue measure. Then the lemma follows from the classical 
portmanteau theorem 1 and the proof is complete. g 

From the lemmas 3.4 and 3.5 we get the following 
Lemma 3.6. 



liminf // Q|P m |dAdP< // QdXdF -- (limsup 

JJf JJf 8 \ jj , 

Clearly, we need to estimate the quantity 



\Prr 



dXdF 



(3.2) 



\P m {z)\ 2 - 1 dX{z 



For that, following Bourgain we shall prove the following 



^see for example 1111 . We note that the space Q is equiped with the standard product topolo, 
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Proposition 3.7. There exists an absolute constant K > such that 
limsup J j Q 

where (f> m (z) = 



\P m \ - 1 



d\d¥>K(J J QdXdF -liminf J J Q(z)(f> m (z)d\dF) , 

E Up> p 



p=--jp 

We shall give the proof of proposition 3.7 in the following section. 



4. Khintchine-Bonami inequality 
Fix z e T and m e N*. Define r and (Tp)^ -1 by : 

s i — ► X s . 

t p is given by t p = t o x m;P , x miP is the p projection on fl m = . So 

|P m (z)| - 1 = > a P9 Tp(w)r g (a;). where a p 



Pm-1 



The random variables (r p )p™ 1 are independent. Put 
(4.1) 

and write 



t p =t p - t p dV, p =!,-■■ ,p m -l. 



(4.2) 



E< 



(E a ^) / 



Now, using the same arguments as J. Bourgain, let us consider a random sign 
e = {si, . . . , £p m -i} € { — 1, l} Pm \ and the probability space 

Z m = n m x {-1, If- 1 , where il m = |-^, ^j^ ' . 
Taking the conditional expectation of the following quantity 

E a Pi (/ t p° ^ + Jtq Tl ) + E °P9 T P ^ 

with respect to the a— algebra B e given by the cylindres sets A(I, x) where I C 
{1, . . . ,p m - 1}, x e O r „ and 

=n {*«} >< {-t'-'t}'' ' x x { - i}iri - 

(/ corresponds to £j = 1, Vi £ I and £j = — 1, Mi £ I). In other words, taking 
conditional expectation with respect to the random variables r p for which e p = 1, 
one finds the following polynomial expression in e of degree 2 

(4-3) E%>« /n ^ + H^/ 71 ^) +E^H £ "H £iTp ° ^ 
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So 



(4.4) 



\P m (z)\-l\ 

> 



\P m (z)\ 2 -l )d¥de 



E(|P m (z)| 2 -l |B 



It follows, by the Khintchinc-Bonami inequality, 2 8 , that there exists a positive 
constant K such that 



J J |E(|P m (z)| 2 -l |Be 



dFde 



(4.5) 



>K ( \E(\P m (z)\ 2 -h B J de) L * 



= K J (eM z ) t p°( z K ( z ) 



dp. 



But all these random variables are bounded by 2. Hence 



dF 



(4.6) 



\\P m {z)\ -I 



=^E(/ wwr* 

g , (p„-l)(p„-2) f /-| T . W |»,, P 



Since 



(4.7) 



|Tf(«)| 2 tflP = i;ar(n(«)) 

2 

1 " 



— _ 'in 

— 2 

Now, combined (4.6) with (4.7) to obtain 



(4.8) 



> 



\Pm(z)\-l 



Pn 



Finally, Multiply (4.8) by 
(4.9) 



One can extend easily this inequality to bounded sequences of independent real random 
variables, with vanishing expectation. 
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Using the independence of (4.9) and |1 — |P m (z)| 2 |. Integrating over F with respect 
to the Lebesgue measure to get 



Q 



n Jf 



\P m (z)\-l 



d\dF 



(4.10) 

where m (z) 



>K'{ / Q(l-4> m (z)) 2 d\d¥) 



n Jf 



Apply Cauchy-Schwarz inequality to obtain 



Q JF 



Q(l - <j) m (z))d\dF < 



QdXdF 



n Jf 



(4.11) 



< 



a Jf 



q Jf 

Q{l-<f> m (z)) 2 d\dF) 



Q(l~q> m (z)) 2 d\dF 



Combined 1)4. 10[) and (|4.11|l and take liminf to finish the proof of the proposition 
3.7. ■ 

Now, passing to a subsequence we may assume that <fi m converge weakly in L 2 (X) 
to some function <f> in L 2 (X). Then, 



4>{n) = lim (f) m (n) > 0. for any n G Z, 



i n > oc 



and 



5^0(n)<l. 



Hence, the Fourier series of 4> converge absolutely and we may assume 

n 

In particular is a continuous function. We deduce that the set {4>{z) — 1} is 
either the torus or a finite subgroup of the torus. 



Remark 4.1. It is any easy exercise to see that if the set {</> = 1} is not a null set 
with respect to Lebesgue measure then, for any zeT, 

cj>(z) = 1 

and max £ m (s) > 1. 

s£X m m— too 

We shall, now, prove, our main result in the following sections. 

5. On the Ornstein probability space for which limmax s£Xm £ m (s) < 1 

In this section, we assume that lim niax,f y„ £,m(s) < 1. So, we may choose 4> 
the weak limite of subsequence of </> m so that 0(0) < 1 and {<fr = 1} is a finite. Let 
£ > 0, put 

F E d = f {zeT : 1 - 4>{z) > e}. 
We get easily that F e is a closed set and we have also the following proposition 
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Proposition 5.1. There exists an absolute constant K > such that 

2 



Mm Q\\P m (z 



dXF > Ke 2 



Proof : Apply the proposition 3.7 to get that there exists an constant K > for 
which we have 



> K 



> K 



liminf JJ^ Q\\P m (z)\ 2 - 

j I QdXdP -k™JJ Q{ 




Q (1 - (j>{z)) AdP 



> Ke 2 (^JJ QXdF 



The proof of the proposition is complete. g 
Proof of the theorem 3.1. in the case of lim max^y^ S, m { s ) < 1 

def 

First, for fixed e > 0, let us choose the good subsequence M = {nu,k > 0}. 
Observe that from the propositions 3.6. and 5.1. one can write 

lim" / ^ Q\P m (z)\d\(z)d¥< J J^Q- l -K 2 e A (^j j QdXdF^j , 

and from this last inequality we shall construct TV. In fact, suppose we have chosen 
the k first elements of the subsequence TV. We wish to define the (k + l) th element. 
Let to > rik such that 

J j Q\P m (z)\dX(z)dF< J J QdXdF-^K 2 e A (^J J QdXdF^j , 

and put Uk+i—m. It follows that the elements of the subsequence TV verify 

k+1 k / k \ 

J j p J[\ p n^)\dXdF < J f[\P n Az)\dXdF-^K 2 e 4 (J f[\P ni (z)\dXd¥j 
We deduce that the sequence ( J J Y[ \Prn ( z )\dXW)k>i is decreasing and con- 



verges to the limit l £ which verifies 



1 



le < le ~ a K * l l 



and this implies that l e = 0. Hence, <jp?J is singular. But, 

U {1-0 = {1-0^0}, 

e>0,eGQ 
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and by our assumption ( lim max., P x m Cm( s ) < 1) we choose 4> such that {1 — <f){z) = 
0} is a null set with respect to the Lebsegue measure. This complete the proof of 
theorem 3.1. when lim max.,p y„ £m( s ) < 1- D 



6. On the Ornstein probability space for which lim max« c x m £m( s ) = 1 
Using the same ideas as in the previous section, we have the following 

Lemma 6.1. lim sup II \\P m \ 2 - l\d\d¥ > II QdXdP. 

rn >oo J J J J 

Proof : We have 



\P„ 



1 



dXdP> J J Q(\P m \ 2 -l)dF 



(6.1) 

But, from (4.2) 

(6.2) J (\P m \ 2 - 1) dP = 2Re{(G Pm (z h ™+ t »)) [J n dP 



dX, 



Where, F p and G p is define, for any p G N*, by 



h m +t„ \ Pm 1 



4>m{z)- 



p-l 



1 , 

— y 



F P (z) = 
G p {z) = -Y. 



p-i 



k=l 



Re(z) is a real part of the complex number z. Combined (|6.1f) and (|6.2|l to obtain 



Q 



\PmV - 1 



dXdF > 1 1 Q 

(6.3) 2 
But, on one hand, we have 



Fp j z h m +t m) _ 
Gpm{z h m +t m) 



Pm ~ 1 



Pm 

ndF 



<j> m {z) )dX¥ 
dXdF. 



\G Pm (^ m+tm ) 



n 



dP 



dX < 



< 



G Pm (z' lm+tm )\ dX 



Gpjz hm+tm )\ dX 



Q 2 dX 



1 



On the other hand, since \X m \ < t m , (?m{&}) 

/ G L 1 , we have 

[ if n is not divisible by m 



1 and for any 



0. 



f{m){n) 



/ ( — ] otherwise 
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Where / (m) (z) = f(z m ), we get that 
converge to K.X, with K > 1. In fact 



F Pm {z hm+tm ) 



E ^(k)z k 



kex„ 



h m +t m \ Pm 1 



F Pm (z n ™ +tm ) 



Pi, 



E t™( k > 



kex„ 



E (^«) 2 / 
> E &»w) 2 / 

kex m J ^ 

N 2 /Pm - 2 



rfA 



Pm 



r/A 



E (M*» s 



and the proposition follows from ^6.1(1 . g 

Proof of the theorem 3.1. in the case of lim max,cy m £,m( s ) = 1 

As in the case of limmax sg x m Cm( s ) < 1) we use the lemma (6.1) to etablish 
that 



/Tt 
TT |p fe (z)|dAdP = o. 



and the proof of the theorem 3.1. is complete. 

Remark 6.2. We note that Rudolph construction in 1201 is strictly included in the 
theory of generalized random Ornstein construction. 
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